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ABSTRACT

The ability to minimize the thermal conductivity of dielectrics with minimal structural intervention
that could affect electrical properties is an important capability for engineering thermoelectric effi-
ciency in low-cost materials such as Si. We recently reported the discovery of special arrangements
for nanoscale pores in Si that produce a particularly large reduction in thermal conductivity accom-
panied by strongly anticorrelated heat current fluctuations [1] — a phenomenon that is missed by
the diffuse adiabatic boundary conditions conventionally used in Boltzmann transport models. This
manuscript presents the results of molecular dynamics simulations and a Monte Carlo ray tracing
model that teases apart this phenomenon to reveal that special pore layouts elastically backscatter
long-wavelength heat-carrying phonons. This means that heat carriage by a phonon before scatter-
ing is undone by the scattered phonon, resulting in an effective mean-free-path that is significantly
shorter than the geometric line-of-sight to the pores. This effect is particularly noticeable for the
long-wavelength, long mean-free-path phonons whose transport is impeded drastically more than is
expected purely from the usual considerations of scattering defined by the distance between defects.
This “super-suppression” of the mean-free-path below the characteristic length scale of the nanos-
tructuring offers a route for minimizing thermal conductivity with minimal structural impact, while
the stronger impact on long wavelengths offers possibilities for the design of band-pass phonon
filtering. Moreover, the ray tracing model developed in this paper shows that different forms of cor-
related scattering imprint a unique signature in the heat current autocorrelation function that could
be used as a diagnostic in other nanostructured systems.
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1 Introduction

Advancements in nanoengineering provide unprecedented control over phonon-mediated heat transport and enable
obtaining low thermal conductivity in materials, such as Si (an inexpensive, abundant and non-toxic semiconductor),
that are intrinsically high thermal conductors. This ability is of special importance for realizing low-cost thermo-
electrics for thermal harvesting and energy conversion applications. An extreme reduction in the thermal conductivity
through nanostructuring has been observed in several Si-based membranes, e.g., nanowires [2, 3, 4], thin films [5, 6],
nanocomposites [7, 8, 9], superlattices [10, 11, 12], nanoporous alloys [13, 14, 15, 16, 17] and amorphous struc-
tures [18]. Interfaces in the nanoscale structures scatter phonons truncating the distance over which phonons convey
heat — the phonon mean free path (MFP). However, reductions in thermal conductivity can come at a penalty to elec-



trical transport properties [19], and so it is important to nd strategies for reducing the MFP of phonons with minimal
structural intervention, especially for applications such as thermoelectrics.

Thermal transport in nanoporous materials has been heavily researched. It has been shown that the room temperature
thermal conductivity of Si-based nanoporous materials can be reduced beyond a material's amorphous limit [20,
21]. Surface area [22, 23, 24], number of (pore) scatterers [25], size and shape of pores [26, 27], pore spacing and
distribution [28, 29, 30, 31], boundary roughness [32], and amorphicity [33] are many of the geometric features that
have been investigated. In most geometries, strong phonon-boundary scattering and a reduction in the line-of-sight,
i.e. a blocking in the phonon pathways along the transport direction, have largely explained the reduction in thermal
conductivity in nanoporous materials. The main characteristic of these prior works is that scattering happens at the
characteristic length scale of the introduced disorder, the mean free path is reduced accordingly, and the reduction
in thermal conductivity follows Matthiessen's rule to a large degree [22]. As phonons with mean free paths on the
disorder length are impeded more, it is the shorter wavelength (larger wavevector) phonons that are affected more,
whereas the long wavelength acoustic phonons are affected the least [22, 34]. The effect we describe is different.
Physically it causes heat trapping between the pores which results in the annihilation of the backscattered heat ux.
A super-suppression of the heat ux is observed as a result. Because the long-lived uctuations correspond to low
frequencies, the close-packed pores function as a thermal band-pass lter.

In arecent study, we identify speci ¢ morphologies/arrangements of cylindrical pores in Si that produce a particularly
large reduction in thermal conductivity, in some cases even pushing the conductivity below the amorphous limit [1].
Equilibrium molecular dynamics (MD) simulations unveiled a large thermal resistance via strong anticorrelation (AC)
of the heat ux uctuations, resulting in a suppression of the thermal conductivity to as much as 80% lower than
the thermal conductivity if the same pores are in a uniformly distributed arrangement. This is largely due to elastic
backscattering of long-wavelength phonons by narrowly spaced pores, which was con rmed by a set of wavepacket
collisions simulations that indicate that heat can oscillate back and forth between pores. In this manuscript, we present
a theory that provides a deeper understanding of the scattering process that gives rise to anticorrelated uctuations in
the heat ux. We observe that even diffusive scattering can lead to an anticorrelated behavior with the same signature
as that observed in nanoporous Si — our initial guess was that only specular scattering is strong enough to produce this
behavior. Perhaps most importantly, we demonstrate that the AC heat ux indicates that the truncated effective MFP,
the median MFP of the thermal conductivity distribution [35], is smaller than the average line-of-sight, the distance a
phonon can travel without being scattered [36], between pores. We use the term “super-suppression” to refer to this
truncation of the phonon MFP below the characteristic length scale of the nanostructuring. Super-suppression occurs
through correlated scattering—backscattering of phonons without thermalization—such that re ected phonons undo
some of the heat propagation by the phonons prior to scattering. The selective scattering of long-wavelength phonons,
which correspond to larger MFPs, implies that the close-packed pores act as a band-pass lter.

The remainder of the manuscript is structured as follows. Section 2 describes the observations that motivate this
study. Section 3 presents our main results and discussion. We rst discuss the results from the molecular dynamics
calculations (Sec. 3.1), followed by the derivation of the ray tracing Monte Carlo (MC) model and the discussion of
the insights obtained from it (Sec. 3.2). The MD calculations include a set of equilibrium simulations to compute the
thermal conductivities of Si with various arrangements of pores using the Green-Kubo method [37, 38] followed by the
spectral analysis of the heat current (Sec. 3.1.1). These calculations indicate that in geometries where the AC effect is
present, long mean-free-path, and thus long-wavelength, phonons are selectively suppressed or Itered beyond typical
scattering behavior leading to a non-monotonic heat current autocorrelation function (HCACF). We compared MD
simulations for 40 distinct geometries using a statistical model based on Matthiessen's rule (Sec. 3.1.2). This com-
parison between close-packed and non-close-packed porous geometries provides further evidence that the correlated
scattering that emerges in close-packed porous geometries leads to the super-suppression of the effective phonon MFP
below the characteristic length-scale of the porous structure. To interpret the heat current autocorrelation function, an
analytical model was developed that relates the thermal conductivity and heat current autocorrelation function to the
occupancy autocorrelation function of individual phonon modes (Sec. 3.2.1 & Appx. A.1). This model was used as
the basis for a Monte Carlo ray tracing scheme to compute the heat current correlation function from a population of
phonons experiencing different forms of correlated scattering (Sec. 3.2.2). The ray tracing model shows that differ-
ent forms of scattering imprint signatures in the HCACF that could be used as a diagnostic in other nanostructured
systems. In quantifying the effective phonon MFPs in both the MD and ray tracing models, we show that correlated
scattering leads to the MFP being super-suppressed, even if the correlation between incident and re ected phonons is
lost after more than one scattering event. We also provide the analysis of the cross-correlation function of the spatially
decomposed heat ux to further illustrate how heat is trapped between rows of pores. This analysis reveals that the
behavior observed in the MC ray tracing model is consistent with diffuse scattering (Appx. A.2).



Figure 1: Plot (a) shows the HCACF (solid lines, left-hand axis) and HCACF integral (dashed lines, right-hand axis)
with the color-coding corresponding to the two porous geometries' arrangements (panels b&c) shown in the lower
panel. Both geometries have identical porosity, but the pores are offset in the blue geometry and stacked in the orange
geometry. Plots (d) and (e) show position-time kinetic energy maps for phonon wavepackets with various wave vectors
colliding with two ranks of pores. The location of the pores is indicated with the vertical dashed white lines. The plots

in column (d) are for pores with r = 3 A and (e) for pores with r = 7 A. In both cases, the top row is for long-wavelength
phonons (near), the middle row is for phonons with wave vectors about halfway betweand the Brillouin zone

edge, and the bottom row is for wave vectors about three-quarters of the way to the Brillouin zone edge. The larger
pores show stronger backscattering, and that phonons scatter back and forth multiple times between the two ranks of
pores.

2 Motivating Observations — Anticorrelation and Anomalously Low Thermal
Conductivity

Figure 1 shows the heat current autocorrelation and resulting cumulative thermal conductivity for two different pore
con gurations; one with pores aligned adjacently to form a picket (in gold), the other staggered (in blue). The cal-
culations were performed using equilibrium MD simulations, the details of which are described in Supplementary
Information (SI) Sec. A. The pores in the two materials are identical in shape and size, thus the materials have the
same porosity and number density of pores. However, when the pores are aligned the thermal conductivity is approx-
imately one-half of the one in which pores are staggered. In the aligned con guration, heat has to pass through a
narrow constriction, and this will increase thermal resistance. However, the magnitude of resistance observed in the
MD simulations is much larger than the resistance one would predict from a simple geometric argument. This effect is
not observed in calculations that numerically solve the spatially- and mode-dependent Boltzmann transport equation
(BTE) [39], due to the use of diffuse adiabatic boundaries in conventional Boltzmann transport models. Contrary to the
trend observed using molecular dynamics, calculations of the thermal conductivity of Si containing the two different
pore layouts in Fig. 1 using BTE solver OpenBTE [39] predicts the thermal conductivity of the material with aligned
pores to be larger than that with the staggered pores by a factat.@6. The anomalously large thermal resistance of

the aligned pores in the MD simulations is accompanied by a qualitatively different trend in the HCACF which has a
region of negative, i.e., anticorrelated, correlation. This implies that heat current uctuations traveling in one direction
are frequently followed by uctuations traveling in the opposite direction. We show below that the AC behavior arises
from correlated re ections of phonons at the surface of the pores — backscattering without thermalization — which



means that the heat carried by phonons before the collision with the pores is partially undone by the backscattered
phonons. The BTE calculations described above fail to predict the enhanced thermal resistance of the aligned pores
because, although they capture ballistic transport effects across the full phonon spectrum in Si and explicitly model
the pore geometries, they do not include the backscattering phenomenon. The pore surfaces in these calculations were
treated as diffusely scattering adiabatic boundaries with a model that assumes that phonons thermalize with the phonon
bath when they are scattered.

Anticorrelated heat current uctuations have been reported in a variety of materials due to several different underlying
mechanisms. In metal-organic frameworks (MOFs), the apping modes due to linkers oscillating back and forth cause
negatively correlated heat ux uctuations [40, 38]. The negative regimes of the HCACF in MOFs are re ected in
the convective heat ux term. The same can be said for liquids, where convective atomic motion (i.e., mass transport)
results in negative HCACF minima [41]. In crystal structures, the convective heat ux is negligible and only the virial
term contributes to the thermal conductivity. Layered materials with signi cant atomic mass differences exhibit similar
behavior because the center of kinetic energy oscillates but the center of mass doesn't; this is seen, for instance, in
HfB, [42]. The anticorrelated HCACF regions are also observed in amorphous materials [37, 43]. McGaughey
and Kaviany attribute this behavior to distinct local environments. These mechanisms are distinct from the diffusive
backscattering of the heat uxin the crystalline close-packed nanoporous geometries discussed in this work. Moreover,
in these examples, the HCACF dip is short-lived and located in the sub-picosecond region, whereas the HCACF dip
in the crystalline porous geometries we study here is long-lived (tens of picoseconds). Probably anticorrelated heat
current uctuations in carbon nanotubes (CNTSs) identi ed in Haskins et al. [44] is the only study akin to ours. In
their work, the dip location and depth change as a function of nanotubes length. The authors attributed this behavior
to the elastic scattering re ection of the heat ux at the boundary. While the physics of the behavior they observed
in the CNTs are comparable to the porous Si, the geometries (one-dimension with boundary re ections versus three-
dimensions and backscattering from internal pores) and their applicability are vastly different.

The anticorrelation effect seen in our MD simulations can be very large as seen in our previous work [1] where
reported pore arrangements resulted in a nal thermal conductivity,as low as 20% of the peak cumulative thermal
conductivity, peak. Thisimplies that the motion of phonons after scattering can undo up to 80% of the heat conduction
by the phonons before they were scattered. The pore arrangement in uences the anticorrelation behavior in two ways:
the periodicity of the pores along the transport directiyrgontrols the lifetime over which the phonons' momentum
is correlated, while the lateral spacing, and the pore radius, determine the width of the necks between pores
which sets the backscattering probability. This is illustrated in Fig. 1(b). These plots show kinetic energy heat maps
of phonon wavepackets in Si with two pores 50 nm apart. The radius/neck is small in the left-hand plot while the
right-hand plot has a large radius/necking ratio. We infer that a large portion of the transmitted phonon at the rst pore
is backscattered from the second one and trapped between them. In the study of the AC effect presented below we have
performed MD simulations of systems with neck sizes of up to 6 nm, which represent geometries that are small, but
close to being experimentally realizable. However, MC ray tracing simulations predict that the AC effect should also
be present in much larger geometries — systems too large to simulate with MD, but that are readily experimentally
accessible with current nanofabrication techniques. We thus think that the detailed understanding of the backscattering
and MFP super-suppression that we study in the remainder of this manuscript can help guide materials engineers in
the design and development of new thermoelectric materials for energy applications.

3 Results and Discussion

Our study focuses on two materials systems: silicon and a pseudo-material with a grey phonon population that we
model in our ray tracing simulations. The latter system enables us to examine the effect of correlated scattering in
isolation and unobfuscated by the presence of a broad phonon spectrum.

3.1 Molecular Dynamics Model HCACF

The Fourier transform of the HCACF gives us the proportion of heat transported by phonons with a given longevity,
and so we begin by analyzing the HCACF spectra for a host of geometries with and without heat current anticorre-
lations (ACs) to more clearly illustrate how the AC affects the phonon MBP \When AC effects are present, we
observe a sharp decrease in the HCACF spectra for long-lived phonons. These phonons have long MFPs and their
suppression leads to unusually low thermal conductivities. These phonons also mostly have longer wavelengths and
thus their reduction indicates the occurrence of long-wavelength band-pass ltering. Two analytical models based on
Matthiessen's rule are proposed for geometries exhibiting the AC effect and standard geometries (without AC) based
on the presence or absence of backscattering. We obtain a good agreement between the model-predicted thermal
conductivities and the thermal conductivities computed using the Green—Kubo approach for both cases. Finally, heat



Figure 2: (a) Moving average of the HCACF for two setsl6f 10 10(solid lines) andlO0 24 10 (dashed

lines) supercells. (b) Cumulative thermal conductivity calculated using Eqg. (4). This shows the effect of the negative
correlations that emerge in the HCACF on the thermal conductivity. Panels (a) and (b) are reproduced from Ref. [1]. (c)
Low-frequency region of the HCACF power spectra, below 0.1 THz, fol@e 10 10supercell set of geometries.

(d) Same gure as (c) but for the00 24 10 supercell set of geometries. (e) Moving average of the HCACF for

the geometries shown as insets in pane (f). These geometries all have the same pore sizes, but the horizontal spacing
between the pores varies. (f) Cumulative thermal conductivity calculated using Eq. (4) for the same geometries. (Q)
Low-frequency region of the HCACF power spectra for the same geometries along the transport direction [indicated
by an arrow in the inset in panel (e)]. (h) Low-frequency region of the HCACF power spectra for the same geometries
perpendicular to the transport direction.

ux cross-correlations are computed for bulk and a close-packed porous geometry, completing the picture of what
happens in these geometries as heat becomes trapped and showing that while phonons in Si are long-lived enough to
undergo multiple scattering events, they lose (temporal) coherence, the process when phonons preserve their phase
after a scattering event [45], after a secondary scattering in the close-packed geometries. The details on the molecular
dynamics calculations are included in SI Sec. A.

3.1.1 HCACF Spectral Analysis

Figures 2(a&b) show the running-average of the normalized HCACF and the cumulative thermal conductivity as a
function of correlation time, , for two sets of geometries: a set with a narrow width — 10 unit cells perpendicular

to the transport direction — marked with solid lines, and a set with a wider width — 24 unit cells perpendicular to
transport direction — marked with dashed lines. The pore radii were varied from 1 nm up to 2.5 nm and from 3.6 nm
up to 5.9 nm for the structures with narrow and wide widths, respectively. See Fig. S1(a) in the Sl for the complete set
of simulations. The heat current anticorrelation effect is observed in structures with large pore radius to neck (packing)
ratios. As the packing ratio increases, so does the amplitude of the dip in the HCACF [Fig. 2(a)]. A particularly large
AC effect can be observed in Figs. 2(a&b), where the HCACF dip magnitude reached a normalized valQi®©5f
corresponding to a fraction of 0.2 of the thermal conductivity at the peak of the integrated HCACF [Fig. 2(b)].

Figures. 2(c, d, g & h) show the Fourier transform of the HCACF, i.e., the power spectrum of the heat current.
The spectra tell us the distribution of lifetimes of heat current uctuationsfFor the con gurations with no AC
effect, the power spectrum decreases monotonically and proportionally to the length of the phonon MFP (note that

/ 1). However, as the dip in the autocorrelation appears, so does an in ection point in the spectra, below which
the phonons' contribution to thermal transport is strongly suppressed and thus a non-monotonic behavior emerges.
This is an evidence of the supper-suppression effect and indicates that phonons with long intrinsic MFPs (i.e., long
uctuation lifetimes) have been ltered out. The non-monotonic behavior with a peak in the HCACF spectra suggests
that in structures with the AC, larger phonon trajectories [left-region of Figs. 2(c and d)] are back-scattered for a
longer period of time and therefore more signi cantly suppressed, compared to shorter trajectories, which exhibit less
back-scattering (approaching the peak height from the left).



In the presence of the supper-suppression, the intensity of the spectra in the large phonon MFP limit is a function of
the HCACF dip amplitude. As the HCACF dip amplitude increases, the large MFP phonons' contribution to thermal
transport before the “in ection point” decreases. This suggests that the AC effect arises from the scattering of the large-
MFP acoustic modes at the surface of the pores. These modes are known to have the highest contribution to thermal
conductivity [see Fig. S1(d)]. The truncation of the low-frequency end of the spectrum appears to be accompanied
by a slight bulging in the region just above the in ection point. It is possible that the phonons in this range would
otherwise have been scattered by the lower MFP phonons. Because the longer lived phonons have been cut off, due to
the AC effect, uctuations in this range contribute more signi cantly to the overall thermal conductivity.

For the con gurations with the AC effect, the location of the in ection points in the power spectrum is correlated
with the HCACF dip minima. In Fig. 2(g), in which the spectra corresponds to geometries exhibiting HCACF dips at
different correlation times (Fig. 2(f)), the maxima (or peaks) of the spectra shift to the left as the dips shift to the right.
However, for the geometries in the panel (a), where the correlation times of the HCACF dips are roughly constant,
the spectral peaks show up at similar. The time scales corresponding to where the dips in the HCACFs and
cumulative thermal conductivities occur are controlled by the spacing between the pores along the transport direction.
We have previously reported that the correlation time at which the HCACF is most negative changes with the distance
d between the ranks of pores, and is consistently characterized by a single effective wejgcityhich is found
to be 0:6 of the averaged acoustic phonon velocity [1]. This can be demonstrated by considering a new set of
simulations with the sam&00 10 10 supercell box size shown in Fig. 2(a) (yellow geometry) and a varying pore
periodicity along the direction of transport, as shown in the inset of Fig. 2(f). The geometries inset in Fig. 2(f) match
the HCACFs and cumulative thermal conductivities in Figs. 2(e) and 2(f), respectively. In all cases, pores radius
is 1.5 nm, and the neck is 2.43 nm. In Fig. 2(g), the in ection point shifts to a highér(smaller MFPs) region
as the spacing between the pores along the transport direction decreases. Figure 2(g) corresponds to the HCACF
spectra in the direction of transport, while Fig. 2(h) corresponds to transport perpendicular to the length of the cells.
Figure 2(g) shows both how the low thermal conductivity in these sets of simulations with packed pores is in part due to
higher porosity (standard scattering behavior), but also due to a super-suppression effect, while Fig. 2(h) exhibits only
standard scattering behavior. When we shrink the spacing between the pores, we see that the overall contribution of the
low-frequency phonons to thermal transport decreases (as expected), corresponding to uniformly lowering the slope of
the HCACF power spectrum, instead of an abrupt cutoff below an in ection point. No inversion of the slope is seen,
unlike what happens in the longitudinal transport direction [Figs. 2(c&d)] due to super-suppression. In Figs. 2(e&f),
of the small neck geometries, all but the green geometry exhibit a dip in the HCACF. By considering the HCACFs
spectra (inx andy), it can be seen why this is the case. The contribution of the large MFP modes has already been
signi cantly reduced, and the necking AC effect is therefore eclipsed. Moreover, the spacing between the pores in the
green geometry is identical in both directions (perpendicular to the pores). A broader region of the HCACF spectra
and phonon lifetime versus frequency are shown in the SI gure S1.

3.1.2 Super-Suppression of Phonon MFP

In the previous work [1], we modeled the total thermal conductivity in Si with a uniform distribution of pores with a
simple Matthiessen's rule expression

11 c .
O () Mtod )

Here, p( ) and puk ( ) are the materials' thermal conductivity due to the fraction of the phonon population with
MFP of . In Eq. (1), is scaled by the distance between the pores along the direction of trartspad a single
numerical parametet that is independent. This simple formula could predict the total thermal conductivity within
a mean absolute percentage error of 11.4%. The te@th= . is the effectivex-projected distance that a phonon
travels until it collides with a pore, and it depends on the phonon's view factor, the possibility of a phonon traveling
through the material without colliding with the pores [27, 46], and the spacing between the pores. For a phonon
heading along to a palisade of cylindrical pores, the probability that it passes between the pores unimpeded is
where = 2r=L is the pore fraction of the boundary, ahdis the width (along the pore stacking direction) of the
supercell. The mean distance that a phonon travels atomgfil it rst encounters a row of pores i§=)d, so the
distance traveled by phonons that pass thraughl successive rows of pores before being stopped bp'thgore is

% + n d. Averaging over alh weighted by the probability gives an effective mean free path of

R 1 1 1
e = d§+n(1 YW!'o=d = 5 )

n=1

The mean ight to encounter a pore is equivalent to the phonon effective MFP for pore scattering if the scattering at
the pore is uncorrelated, in which case we would exgeet 2 = (2 ). If on the other hand the phonon is back



Figure 3: The plot of the scattering strength constént,

as a function of the pore fraction for typical scattering con-
ditions (dashed line), and super-suppression (dotted line).
Each datum corresponds to a given geometry (with varying
pore sizes and distributions) and the color scheme maps to
the depth of the HCACF dip. A lower dip location indicates
a stronger AC effect. The geometry types corresponding to
each of the symbols used (circle, square, diamond, star, tri-
angle) are shown in the SI, along with an equivalent plot to
this one, with a one-to-one color map of each geometry and
its corresponding HCACF integral. The bottom right inset
corresponds to a zoom-in on the region of the left corner of
the plot. The top-left inset compares the actual (fractional)
thermal conductivity to the thermal conductivity predicted
forC=(2 )=(2 ), i.e., under the assumption of stan-
dard scattering conditions.

scattered such that the effective MFP for pore scattering is super-suppressed below the distance to the pores we could
expect

%
e = dn(l )n = d 1

n=1

1 ; 3

which givesC = = (1 ).

We have ttedC in Eq. (1) to nearly 40 distinct porous geometries with a uniferispacing. Note that the total
thermal conductivity is obtained by integrating over all . C ! is plotted agains? = (2 ) in Fig. 3, with the
data points colored by the magnitude of the HCACF dip if one exists. At ldke plots with large HCACF dip have a
C !thatis suppressed signi cantly below that which is predicted by the pore geon@ztty<{ 1) indicating phonon
MFP super-suppression. Super-suppression of the phonon MFP is also observed in the ray tracing simulations for all
four scattering models, as is plotted in the Sl, in Fig. S4, and discussed in subsequent sections. In all cases, the larger
supper-suppression occurs in conjunction with a large HCACF dip.

3.2 Ray Tracing Model of the HCACF

It is dif cult to infer the phonon scattering behavior that gives rise to the anticorrelation in the HCACF directly from
the shape of the HCACF curve. To circumvent this dif culty, we have developed an equilibrium Monte Carlo (MC)
phonon ray tracing model which allows us to test how different scattering behaviors that might occur at pores would
be manifest in the HCACF, allowing us to seek signatures of different scattering phenomena in the HCACF obtained
from the MD simulations.

Phonon ray tracing models have been used to great effect to model thermal transport [47, 48, 49, 50, 51, 52], and
in many cases to also identify signatures of ballistic transport in a variety of nanoscale geometries [29]. The MC ray
tracing approach that we use here, however, is signi cantly different from the typical approach used in these works.
Rather than simulating a system under an imposed temperature gradient, as is typically the case (as for example
in Refs.[53, 54]), we simulate a system equilibrium and use the Green Kubo method to compute the thermal
conductivity indirectly from the HCACF, exactly the approach used in equilibrium MD simulations. To the best of our
knowledge, calculation of the HCACF from a ray tracing model is completely novel. Non-equilibrium MC simulations
are by necessity quite computationally complex as in order to satisfy detailed balance they require one to keep track
of the local temperature everywhere in the spatial domain being modeled. Our simulations are much simpler. We
simulate the birth, ight and annihilation of phonons in a periodic real space domain, that being at equilibrium, has a
uniform temperature.

In the next section, we rst lay out the theoretical relationship between the total HCACF and the HCACF from indi-
vidual phonon rays in a pristine bulk crystal. This provides the theoretical foundation for Monte Carlo simulations in
the sections that follow in which we compute the total HCACF in nanoporous systems from the HCACF of individual
phonons undergoing scattering.



3.2.1 Stochastic Model of Heat Current Fluctuations in Bulk Crystal

In the MD simulations the thermal conductivity is computed from the natural uctuation in heat current for a system
at equilibrium using the Green-Kubo (GK) formalism and the expression

v ‘1
whereJ (t) is the total instantaneous heat ux at tinhein the volume of the material, at temperaturd. The

heat current autocorrelation function (HCACR),(t) J(t+ )i, is the time-averaged dyadic of the heat uxes an
interval apart — it measures the size and longevity of thermal uctuations in the heat ux of a system in equilibrium.

d () J(t+ )i; (4)

The GK approach and the evaluation of the HCACF with MD is described in detail in SI Sec. A, but here we derive
an analytic expression for the HCACF in a bulk crystal. The total instantaneous heat ux that appears in Eq. (4) is the
sum of the instantaneous heat ux uctuations from all phonon modes as:

X X o~ kakp
JO= Jep®= (np(t) hnipi) —— )
kp kp
Hereny,(t) andy,i are the instantaneous and average occupancy of the phonon mode with wavekvaetbr
polarizationp. The terms! ¢, and vy, are the mode's angular frequency and group velocity. If the occupancy
uctuations in one mode are uncorrelated with the uctuations in the other modes, it is shown in Appx. A.1 that the
total HCACF can be written as the sum of the occupancy auto-correlation function for each mode individually as:
X - 2
() I+ )i= U VB () h i) (Nip(t+ ) h g (6)
kp

where the shorthand notatimﬁp =(Vvkp Vkp) has been used for the tensor product of the group velocity.

The occupancyi,(t) of a phonon mode will be a random stepped function in time as shown in Fig. 4(a). The
phonon mode holds a constant excitation for a random interilgatween anharmonic interactions with other phonon
modes, which lead to scattering and a reset of the mode's excitation. It is worth clarifying here that the nomenclature
used for the three different quantities have dimensions of time. The tatarsed to denote a point in time (clock
time), whereas the correlation time, which is the interval or delay between two points in time is denoted With
lifetime of an individual phonon is denoted by the symbgand the average lifetime of all phonons hy

At any timet the probability of nding the mode in the" state of occupancy wheR, is the probability distribution
for the canonical ensemble, is:

Pr=e"™ 1 e® ; ©)

with b = k;—'T being the mode's dimensionless frequency for the given temperature. The modal heatbuy¢ent

can be expressed as a sequence of boxcar functions. If we assume that the occupancy value of a mode excitation before
and after a scattering event are also uncorrelated, then the mode's HCACF is simply the average of the autocorrelation
function of individual boxcar functions weighted by the probability of their amplitude and duration. Figure 4(b) shows

a single boxcar function, ¢,.t,+ ( ) fora uctuation that starts at timi and lives for lifetime . Shown in the lower

panel is its non-normalized ACBE,( ; ), whichis just a ramp function, and the integral of the ACK,; ). Analytic
expressions foA andC are given in Appx. A.1. If we further assume that scattering processes are random so that the
phonon lifetimes are drawn from a Poisson distribution of waiting times with an average waitttirass independent

of occupancy, then the averaging of the occupancy ACF in Eq. (6) can be performed analytically. After substitution
into Eq. (4), and some manipulation (see Appx. A.1), the expression for the cumulative thermal conductivity can be

derived )

()= v dT Vipkp 1 e T 0o (8)

kp
The rst term in parenthesis is the mode's volumetric speci ¢ heat, meaning that if the phonon modes all have the
same scattering rate and group velocity, assuming cubic symmetry, the rst element of the thermal conductivity tensor
reduces to the well-known result from kinetic theory:

w(l)= %vag ; 9

whereC,, vy, and are the systems' volumetric speci c heat, average group velocity, and mean free path. This demon-
strates that, if there are no hydrodynamic effects in the phonon scattering, we can relate the macroscopic HCACF of a
system to the autocorrelation function of individual excitations of individual phonon modes.



Figure 4: (a) Example of the random occupancy uctuations in a phonon mode with dimensionless fregwehdy

and mean scattering lifetime (b) Example of a single-occupancy uctuation in time (top pane) and its autocorrelation
(green) and integral (red) in the bottom pane. (c) The plot of the cumulative thermal conductivity distributions for bulk
materials with a gray phonon population. The blue plot is the distribution over correlation tiftie integral of the

HCACF) and the red line is cumulative conductivity over the distribution of random phonon lifetiméhe inset

plot shows the distribution over occupancy events showing that most of the heat is carried by only a small number
of, particularly long-lived phonons. (d) Schematic of a phonon wavepacket's trajectory in nanoporous Si. In this
example the wavepacket is spawned as the result of anharmonic phonon-phonon interactions at the green starburst,
traveling initially along direction”, and is scattered elastically from pores before its annihilation through another
phonon-phonon interaction at the red starburst. Because of this backscattering, the phonon only carries heat forward
by a net distancee which is considerably shorter than the geometric free-pajkm , that the phonon travels before
colliding with the pores. The heat ux and HCACF contribution from this ray are shown in panel (). The top pane
shows the contribution to heat ux along tlxedirection (blue). The bottom pane shows the corresponding HCACF

and its integral plotted in green and red, respectively.

In MD simulations, the HCACF is computed from the collective excitation of all phonon modes. The result above
shows that we can interpret the macroscopic HCACF by examining the contribution from individual phonon modes
and scattering processes alone, without the need to consider a collective excitation. This provides the formal theoretical
footing for the ray tracing model that follows, but before moving on to the ray tracing model, we make note of several
insights that can be obtained from the analysis above.

The HCACF obtained from the MD simulations includes contributions from acoustic and optical phonons with a
range of different frequencies, MFPs, group velocities, and directions of travel. It can be tempting to interpret the
integrated HCACF as a cumulative distribution function of phonon contributions to thermal conductivity, but this is
not the case and masks phenomena that arise from the stochastic nature of phonon scattering. This can be understood
by considering the stochastic model for thermal conductivity of a bulk grey medium, where all phonons have the
sameaveragelifetime , but the lifetime of every individual phonon is random. The HCACF in Eq. (33) decays
exponentially over a correlation time equal toso the cumulative thermal conductivity distribution ogerrelation



time is

Oy 6= (10)

1

which is plotted in blue in Fig. 4(c). However, not all phonons contribute equally to this. As can be seen from Eq. (28),
the contribution that an occupancy uctuation makes to the thermal conductivity is proportional to its lifetime squared,
meaning that the rare long-lived occupancy uctuations in the tail of the Poisson distribution contribute considerably
more to heat transport than the more numerous short-lived uctuations. Using this we can compute the cumulative
thermal conductivity distribution over phondifetimes , as

R
() d®(9 _, 1
= =1 - 2+ = 2+ — : 11
1 5 doep-(0 2 © (1)

This cumulative conductivity with increasing phonon lifetime is plotted in red in Fig. 4(c). It can be seen in this plot that
short-lived uctuations (small) contribute very little to the thermal conductivity while the cumulative conductivity
distribution in rises rapidly at small correlation times. This illustrates the conceptual difference between uctuation
duration and correlation time; the change in ( ) at correlation time includes contributions from all uctuations

with > . Note, that it is common in heat transport texts to see plots of the cumulative contribution to thermal
conductivity over the distribution of MFPs from phonons with a spectrum of frequen€ies and so we take pains

here to point out that this is different from the result in Eq. (11), which comes from the shot noise in a population
of phonons with thesamefrequency. However, the effect of this noise is signi cant, with a large contribution to the
total conductivity coming from a small number of phonons that travel ballistically over distances many times longer
than themean free pattbefore scattering. This point is further emphasized by computing the cumulative conductivity
distribution over the fractiof of occupancy uctuations ranked in ascending order of their longevity,

£2f+(1 f)ln(a f) 1 %In(l f) 12)
1

which is plotted inset in Fig. 4(c). More than 50% of the heat transport is carried by just 7% of phonons that survive
for more than 2.7 times the average phonon lifetimdt can also be seen that 80% of the heat current comes from
fewer than 20% of the phonon mode occupancy uctuations—an instance of Pareto's 80-20 rule, but one that does not
arise from a power-law distribution of ight distances as is the case for a Lévy ight. This observation has important
rami cations for deterministic simulations of the Boltzmann transport equation (BTE) for phonons, implying that

to correctly predict the heat conduction due to phonon transport in the nanostructured material, one must smear the
intrinsic distribution of average phonon lifetimes by the Poisson distribution—a practice that is often overlooked in
frequency-dependent and multi-grey BTE simulations [55, 39].

3.2.2 Monte Carlo Ray Tracing Model for Correlated Scattering

To isolate the effects that arise from back-scattering, we study a simpler model system consisting of a grey population
of phonons in which we assume that all phonon modes have the same frequegi@up velocityvy, and mean

intrinsic scattering lifetime. Similar to the geometries of interest, the scattering centers are laid out in rows as shown

in Fig. 4(d). The rows have a spacidgand within each row, the pores have radiwsd spacind.. The derivation for

bulk thermal conductivity above shows that the HCACF can be constructed by considering each correlated heat carrier
event in isolation and then averaging their contribution to the total HCACF. For a wavepacket scattered elastically
from one mode (with wave vectér and polarizatiorp) into another modek@? by an interface, one must consider

the ight of both the incident wavepacket and the scattered wavepacket together as the occupancy uctuations in
kp and k" modes are now (anti)correlated. This is true even in the case of diffuse scattering, where the choice
of the scattere#® mode is independent of the incident mode, as after scatteringighef the velocity component
perpendicular to the interface is reversed, making the heat uxes before and after scattering anticorrelated. As we now
must consider the sequential occupancy of two or more modes, rather than compute the occupancy auto- and cross-
correlations of the modes, we instead consider the heat current from individual packets of lattice vibration, starting
from their birth, and following them as they are scattered elastically through a series of different phonon modes, up
until the uncorrelated phonon-phonon scattering event that causes their annihilation. An example of such a trajectory
is shown in Fig. 4(d) with the resulting heat ux alongand its autocorrelation function shown in Fig. 4(e). The

ray diagram in Fig. 4(d) also illustrates the concept of mean free path super-suppression: Elastic backscattering of
phonons before they thermalize with the phonon bath means that the effective distance over which heat iscarried,

is considerably shorter than the line-of-sight distance imposed by the geomgisy,. The result is that the total

mean free path is suppressed by more than Matthiessen's rule would predict from the geometrigagaluand so

we say that the mean free pattsisper-suppressed
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In using this conceptually subtly different approach of following energy packets (phonons) rather than occupancy
uctuations, we can apply some of the insights from the derivation above to write the autocorrelation function of the
heat current uctuations along thedirection as the average of the heat ux autocorrelation functions of wavepackets
with the unit magnitude as

ek

W(~!V 0) M (5 i (13)

: D

hly (1) Ix(t+ )i = e

whereD is the density of states (the number of phonon modes per unit volumep,arid ; r; l? is the autocor-
relation function of the heat ux along created by a unit wavepacket that was born at locatiomaveled initially

along direction”, and lived for duration , before annihilation into the phonon bath. The total thermal conductivity
reduction can thus be computed as:

b(ulk)=% Odohb\xx 0;;r;l?i:%f’cxx(;;r;l§i; (14)

As this population of phonons is in a volume that includes physical scattering centers such as the pores, in addition
to averaging over the phonon lifetimesthe averagdA, ( % ; r; l? i is also taken over the spatial domainthe

phonon mode®, and the various possibilities for the re ected wavepacket at each correlated scattering event. Rather
than performing the average in Eq. (14) analytically, we average using Monte Carlo sampling—tracing the trajectory
of wavepackets as they collide with pores and are scattered off into new directions. In this scheme we took the average
HCACF from 20,000 randomly sampled wavepacket trajectories; each beginning from a randomly selected starting
point, initial direction, and lifetime, the latter drawn from the Poisson distribution. The single wavepacket HCACFs in
thex, y, andz directions were computed numerically out to a correlation time of 20 times the mean scattering time

to prevent truncation of contributions from long-lived phonons in the tails of the Poisson distribution. This averaging
was suf cient to reduce the uncertainty in the computed valueggf to < 3%.

To elucidate how the different features in the HCACF are related to the details of how phonons behave when they
encounter a pore, we compare four different phenomenological models for scattering in the ray tracing simulations.
These were derived from two different scattering center geometries: an array of permeablevplisnand a series
of palisadesf cylindrical pores. For each geometry we have examined the effect of both specular and diffuse phonon
scattering by the obstacles, giving us four scattering models in total. Both the wall and palisade models have a single
geometric degree of freedom,that is related to the probability that phonons are not scattered when they encounter
the wall/palisade, and the details of the backscattering behavior in each model are described in detail below.

Diffuse and specular wall scattering models The "wall" scattering models make drastic simpli cation of the pores
in the MD simulation by replacing them with a series of parallel planar interfaces perpendiculard@ie The

spacingd, between planes is described in terms of the Knudsen nukiper ng When a phonon encounters an
interface perpendicular to its transport direction, there is a nite probaMility that it will pass through with its
trajectory unaltered, otherwise, the phonon is re ected. For the specular model, re ection involves only ipping the
direction of thex-component of the velocity. In the diffuse model, a new random directory is chosen in the half-space
perpendicular to the re ection plane, so that theomponent of the velocity of the scattered phonon has the opposite
sign from the incident phonon. Simulations were performed sweepifigm 0 to 1 andlog[K,] from -1 to 1.
Although we refer to this model as the interface model, it is a reasonable representation of scattering from rectangular
pores.

Diffuse and specular palisade scattering models With the palisade model, we aim to more closely mimic the pore
geometry simulated in the MD simulations. We assume that the material contains rows of cylindrical pores, each with
radiusr and aligned with their axis parallel to tigedirection. The pores are arrayed in thélirection with spacind.

to form a palisade fence. The geometry of the palisade is parametrized witFLL, which is the scattering probability

for phonons that meet the palisade head-on. The probability that a phonon passes between the cylinders in the palisade
depends on the gap between cylinders that is visible to the phonon as it travels towards the palisade. This means that
the transmission probability depends orand the angle of incidence of the phonons, and there will be a range of
grazing angles for which the gaps are shadowed and so the transmission probability is zero. The full description of
how the angular-dependent transmission probability is computed is provided in the SI. When a phgoaition lies

on a palisade a pseudorandom number generator is used to decide if the phonon passes through the barrier unscattered
or if it strikes on one of the pillars.

If the phonon is scattered, the determination of the outgoing scattered ray direction is similar to the procedures used
in the wall models. For the specular palisade model, the normal angle for the re ecting surface is selected from the
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