Confinement-induced carrier mobility increase in nanowires
by quantization of warped bands
Neophytos Neophytou and Hans Kosina
Institute for Microelectronics, TU Wien, Gußhausstraße 27-29/E360, A-1040 Wien, Austria
e-mail: {neophytou|kosina}@iue.tuwien.ac.at

Abstract
We calculate the transport characteristics of thin silicon nanowires (NWs) up to
12nm in diameter. The sp3d5s*-spin-orbit-coupled atomistic tight-binding (TB) model is
used for the electronic structure calculation. Linearized Boltzmann transport theory is
applied for transport, including carrier scattering by phonons and surface roughness
(SRS). We show that for certain transport orientations, confinement in specific directions
enhances the curvature of the subbands such that large improvements can be achieved in
carrier velocity and mobility. This is observed for p-type [110] and [111] NWs for which
confinement-induced bandstructure changes improve the phonon limited mobility by ~2X
compared to bulk values. Such improvement suggests very large carrier mean-free-paths
for scattering and is large enough to compensate for the detrimental effect of SRS. This
effect is observed at a smaller degree for n-type [110] NWs as well. The bandstructure
engineering techniques we describe originate from the warped, anisotropic bulk bands,
and can be also applied to 2D ultra-thin-body (UTB) layers as well as other channel
materials. Our results may provide understanding of recent experimental observations, as
well as guidance in the design of NW and UTB channel devices with improved transport
properties.
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I. Introduction
Silicon nanowire (NW) devices have recently attracted significant attention as
candidates for a variety of applications. For field-effect-transistors, NWs offer the
possibilities of enhanced electrostatic control and of quasi-ballistic transport [1, 2, 3, 4, 5,
6, 7, 8]. For thermoelectric applications, recent experiments have shown that NWs can
achieve high thermoelectric efficiency with potentially improved power factors and lower
thermal conductivity [9, 10, 11, 12]. Possible applications in optoelectronics [13, 14] and
biosensors [15] have also been suggested.

Ultra scaled NW devices of channel diameter down to D=3nm and lengths as
short as 15nm with excellent performance have already been demonstrated by various
experimental groups [2, 3, 4, 5, 6, 7, 8]. Furthermore, large mobility and on-current
densities in NWs compared to bulk have been observed experimentally [16, 17]. Lowdimensional channels offer additional degrees of freedom in engineering their properties:
i) the length scale of the cross section, ii) the transport orientation, iii) the orientation of
the confining surfaces [18, 19]. The transport effective mass, carrier velocity, mean free
path, and mobility can significantly vary with geometry and strongly influence on the
performance of devices.

To properly account for confinement and orientation effects, a well calibrated
electronic structure model is needed. This is especially important for the valence band,
where effective mass variations, valley splitting, and strong curvature variations are
observed, and drastically affect the electronic properties [18, 20, 21]. In this work we
employ the sp3d5s*-spin-orbit-coupled (SO) tight-binding (TB) model which has been
extensively used in electronic structure calculations for nanostructures [18, 19, 22, 23, 24,
25, 26, 27], although other methods such as k p [28, 29] or pseudo-potentials can be
equally applied.

For mobility calculation, we couple the atomistic model to linearized Boltzmann
transport theory [30, 31, 32]. We include phonon and surface roughness (SRS) scattering.
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Similar studies that couple atomistic electronic structures to Boltzmann transport, usually
consider NW diameters of only 1-3nm due to computational reasons [11, 23, 33, 34].
Here we describe a robust method to extend the atomistic computation to larger
structures, up to 12nm in diameter (~5500 atoms in the simulation domain), while
employing a limited degree of parallelization.

The heavy-hole valence band in all semiconductors, but also the conduction band
ellipsoids in silicon, are anisotropic and warped [18, 19]. The effects of anisotropy and
warping are more pronounced in nanostructures than in bulk channels. In this work, by
taking advantage of this warping, we describe a method to achieve high performance by
geometric confinement of the carriers in certain directions. We show that carrier velocity
improvement up to ~2X can be achieved as the diameter is reduced, which translates to
large low-field mobility enhancements. Such strong effects can be observed for p-type
[110] and [111] channels once the length scale of their cross section is scaled below
~8nm. This effect is also evident at a smaller degree in n-type [110] NWs.

We identify the confining directions responsible for this improvement, as well as
directions that under confinement can actually cause performance degradation. Although
our analysis is for Si NW channels, the bandstructure engineering techniques we describe
originate from warped bulk bands, and can also be applied to 2D thin-body-layers as well
as other channel materials. Our results potentially provide explanations for the large
mobility enhancement in NWs [16, 17] and for the strong anisotropic mobility trends in
ultra-thin-layers [35] that have been observed experimentally, as well as useful insight
into nanoscale device optimization strategies.

This paper is organized as follows: In part II we describe the coupling of the TB
electronic structures to linearized Boltzmann transport approach. We derive the scattering
rates for phonons and surface roughness, and describe the approximations made to
achieve computational efficiency. In part III we present the bandstructure mechanisms
responsible for the performance enhancement in warped bands and their effect on the
electronic properties. In part IV we summarize and conclude the work.
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II. Approach
A. Atomistic modeling:
To obtain the bandstructure of the NWs both for electrons and holes for which
spin-orbit coupling is important, a well calibrated atomistic model is used. The nearest
neighbor sp3d5s*-SO tight-binding model [18, 36, 37, 38, 39] captures all the necessary
band features, and in addition, is robust enough to computationally handle larger NW
cross sections as compared to ab-initio methods. As an indication, the unit cells of the
NWs considered in this study contain from ~150 to ~5500 atoms, and the computation
time needed for the calculation of the mobility of a specific NW varies from a few to
several hours for each case on a single CPU. Each atom in the NW unit cell is described
by 20 orbitals including spin-orbit-coupling. The model itself and the parameterization
used [36] have been extensively calibrated to experimental data of various natures with
excellent agreement without additional material parameter adjustments [40, 41, 42, 43].
We consider silicon NWs in three different transport orientations [100], [110], and [111]
and diameters varying from D=12nm down to D=3nm.

The electronic structure of ultra narrow NWs is sensitive to the diameter and
orientation. For n-type NWs we previously showed that the effective masses change as
the diameter is scaled below 7nm by as much as ~2X depending on the orientation [18].
More importantly, for p-type NWs we showed that the carrier velocities can change by a
factor of ~2X with confinement (~4X variations in m*), again depending on the
orientation [19, 22, 44]. This behavior is attributed to the strong warping of the heavyhole band. Indeed, the origin of most of these features can be traced back to the
bandstructure of bulk Si.

B. Boltzmann theory:
The linearized Boltzmann transport theory is used to extract the electronic
transport properties for each wire using its dispersion relation. We consider electronphonon and surface roughness scattering (SRS). The electrical low-field conductivity (σ)
follows from the linearized Boltzmann equation as:
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The energy E integration over the derivative of the Fermi distribution f  E  is performed
from the subband edge E0 (conduction or valence band edges) though all energies.
  E  is the transport distribution function (TD) defined as [30, 31]:
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is the density of states for the 1D subbands (per spin), and A is the cross sectional area of
the NW. The mobility (μ) is defined as:
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where n is the carrier concentration in the channel and q0 is the electronic charge.
The electronic structure calculation is performed in k-space, where the
energy En  k x  , velocity vn  k x  , and density of states g n  k x  are computed. The 1D kspace extends from –π/a0’ to π/a0’ where a0’ is the length of the unit cell. We use 400
points for the k-space descritization, which is adequate to provide smooth and converged
energy dependent functions for the quantities of interest. Due to symmetry only half of
the k-space needs to be computed. Once the dispersion is computed, the states are sorted
with respect to energy E in order to obtain vn  E  ,  n  E  , and g1nD  E  , the quantities
used in the definition of the transport distribution function in Eq. (2).

C. Scattering rate calculation:
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The transition rate Sn,m  k x , k x ' for a carrier in an initial state kx in subband n to a
final state kx’ in subband m is extracted from the numerically calculated dispersions and
wave form overlaps using Fermi’s Golden Rule as [32, 44]:

Sn ,m  k x , k x '  

2
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2
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m,n
where H kx ',kx is the matrix element for corresponding transition,    denotes the Dirac-

Delta function, and E is the energy change for the specific process. The calculation of
the relaxation times involves an integral equation for  n  k x  [28, 45, 46, 47]:
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Self-consistent solutions of this are computationally very expensive, especially when
involving atomistic calculations, and it is common practice to simplify the problem. For
isotropic scattering (all phonon mechanisms) the term in the parenthesis reduces to unity
upon integration over k-space due to symmetry considerations (Sn,m is angle independent).
For elastic intra-valley scattering (even if anisotropic, i.e. SRS, or impurity scattering),
and under the parabolic band approximation, the term simplifies to:
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which is the usual term used in the calculation of the momentum relaxation times [32,
45]. Here, p x denotes the momentum of the state kx and  the angle between the final
and initial states (0 or π in 1D). Although this is strictly valid for intra-subband transitions
only, it is often used for inter-subband transitions as well (assuming a weak kx–
dependence of   k x  [28]). In general, however, one should solve the full integral
equation, but often sufficiently accurate results are obtained using the above
approximations, without the need to evaluate numerically demanding integral equations
[28, 46]. In this work, we calculate the relaxation times by:
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The Fermi functions in Eq. (6) cancel for elastic processes. For inelastic, isotropic
processes (as all the inelastic processes we consider) the term in brackets reduces to unity
anyway after integration over kx. Although admittedly in 1D   k x  in the numerator and
denominator of Eq. (6) can be varying with kx, we still drop it as it is commonly done in
the literature [26, 33, 48, 49]. This will only affect the SRS results at larger diameters
where inter-subband transitions can be important, but at larger diameters the effect of
SRS weakens anyway. We, therefore, believe that such approximation will not affect our
results significantly.
The matrix element is computed using the scattering potential U S  r  as:
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where  n ,kx  r  is the wave function of a carrier in an initial state kx in subband n, and

 m,k '  r  the wave function of a final state kx’ in subband m.
x
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where Ω is the normalization volume. The matrix element then becomes:
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In the TB model we do not have access to the actual wavefunctions, but only the
normalized expansion coefficients of the wavefunctions for each orbital on each atomic
site. Numerically, therefore, Eq. (9) and Eq. (11) are integrated over all the atomic sites,
which form the actual descritization of our domain.

1.Phonon scattering:
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In the case of phonon scattering, we extend the approach described in [32] for
bulk and 2D carriers, to 1D carriers. The perturbing potential is defined as:

U S  r   Aq K q e i q.r t 

(12)

where Aq is associated with the lattice vibration amplitude and K q with the deformation
potential. The scalar product is split as q  r  Q  R  qx x with the components Q  R in
the transverse and qx x in the transport direction. In this case, the matrix element is:

 



H

m,n
k x ', k x

 

Fm* R eikx ' x
Fn R eikx x 2

Aq K q e iQR e iqx x
d Rdx,
A
L
A
L

x
x

(13)

where Lx is the length of the unit cell. The integral over the transport direction x becomes
a Kronecker-delta expressing momentum conservation in the transport direction,
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When integrating and taking the square of the matrix element, the integral for the
form factor is also evaluated as:
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The summation over the lateral momentum before substitution into Eq. (8) can be
performed as:
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Here, 1/ Akmx ,',nkx has the units of m-2. For computational efficiency, for the calculation of
the form factor overlap, we add on each atom the components of the squares of each
multi-orbital wavefunction, and afterwards perform the final/initial state overlap
multiplication. In such way, we approximate the form factor components of a lattice atom
at a specific location R0 by:
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where  runs over the TB orbitals of a specific atom. This computes the overlaps using
the probability density of each state (accounting for the contribution of all orbitals). This
treatment is equivalent to a single orbital model (i.e. the effective mass approximation),
although we still keep the kx-dependence of the wavefunctions. It reduces the memory
needed in the computation by 20X, allowing simulations of large NW cross sections with
only slightly reduced accuracy. In the cases of sine/cosine wavefunctions for square
NWs, it can be shown analytically that for 1D intra-band the form factor becomes

1
9
1
1

 . Indeed, our
[32, 50]. For inter-band overlaps one obtains
Anm 4 A
Anm A
numerical overlaps agree with these analytical expressions. To emphasize the importance
of the approximation in Eq. 18, we note that even after this simplification the storage of
the probability density functions for the larger diameter NWs requires several Giga bytes
of memory. For smaller diameters the overlap integrals calculated using the actual
wavefunctions, or their probability distributions are in very good agreement. It would
have been computationally prohibitive, however, to calculate them using the actual
wavefunctions for the larger NWs, at least on a single CPU. For consistency, therefore,
we consider the probability density in all simulations, for NWs of both small and large
diameters.

The transition rate is given by:
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ρ is the mass density, and Nω is the number of phonons given by the Bose-Einstein
distribution. The momentum relaxation rate for a carrier in a specific subband n as a
function of energy is then given by:
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where  ph is the phonon energy, and we have used   ALx . For acoustic deformation
potential scattering (ADP) or acoustic inter-valley scattering (IVS), it holds
2

K q  q 2 DADP 2 , whereas for optical deformation potential scattering (ODP for holes,
optical IVS processes for electrons) K q

2

 DO 2 , where DADP and D0 are the scattering

deformation potential amplitudes. For IVS in the conduction band we include all relevant
g- and f-processes (acoustic and optical) [32]. On the other hand, specifically for elastic
ADP, after applying the equipartition approximation, the relaxation rate becomes:

1

n

ADP

E



2 DADP 2 k BT  1

s2  Lx

A

m,kx '

1

kx kx '
nm

k



x ', k x

1
 q   Em  k x '   En  k x   

x



vm  k x '  
,
vn  k x   

(22)

where  s is the sound velocity in Si.

The parameters we use are the same as in Ref. [32], with the exceptions of
holes
holes
electrons
DODP
 13.24x1010 eV / m , DADP
 9.5 eV from Refs [26, 33]
 5.34 eV , and DADP

which are more relevant for narrow NWs. These are higher than the bulk values [32].
Larger deformation potential values are commonly used to explain mobility trends in
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nanostructures, and different parameter sets appear in the literature [33, 48, 51, 52].
Using different sets of parameters will only change our results quantitatively since
qualitatively they only depend on the electronic structure.

Confinement of phonons, and the details of their full dispersion are neglected.
Dispersionless bulk phonons provide an ease of modeling and still capture the qualitative
dependence of the mobility on the electronic structure. Spatial confinement mostly affects
acoustic phonons, whereas optical phonons are not affected significantly [53, 54]. The
degrading effect of confined phonons on the mobility for the thinnest NWs examined in
this work can be of the order of 10-20%, and declines fast as the diameter increases [26,
33, 49, 53]. As indicated by Donetti et al., this effect might be even weaker for holes than
for electrons [55]. Bulk, dispersionless phonon treatment has been extensively utilized for
treatment of scattering in bulk Si or Si ultra-thin-layers by the simulation community.
Such methods have also been lately extended for treatment of scattering in thin NWs [48,
50, 56]. Such models could be improved for thin NWs by including a more sophisticated
electron-phonon interaction model as used by Buin et al. [26, 33], who, however, also
showed qualitative similar results as the ones we present for the thin NWs. Our purpose,
however, is to show that by proper confinement of warped bands, large mobility
improvements can be achieved due to changes in the electronic structure alone. More
sophisticated treatment of the scattering mechanisms could affect our results
quantitatively, but this is not the point of this work. The effect we focus on is due to
electronic structure, and we believe that qualitatively our results will still be valid.

A crucial approximation made here, is that an isotropic deformation potential

K q is employed for NWs in all orientations. This parameter could have its own
anisotropy, which will add to the anisotropy due to bandstructure effects and might
influence the results. The results presented in this work only provide insight into the
effect of the anisotropy due to bandstructure alone, and should be confirmed by more
sophisticated calculations that account for the anisotropy of the deformation potential as
well [57].
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2. Surface roughness scattering:
For SRS, we assume a 1D exponential autocorrelation function [58] for the
roughness given by:

       '     2rms e

2  ' / LC

,

(23)

where Δrms is the roughness amplitude and LC the roughness correlation length. Surface
roughness is assumed to cause a band edge shift. The scattering strength is derived from
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the shift in the band edge with quantization
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[59, 60], and the transition rate here is
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where qx  kx  kx '.

This SRS model is more simplified than the ones described in Refs [48, 61, 62,
63] that account for the wavefunction deformation/shift at the interface, as well as
additional Coulomb effects [64]. The band edge variation, however, is the dominant SRS
mechanism in ultra scaled channels as described by various authors, both theoretically
and experimentally [48, 59, 60, 65, 66]. It has been shown in Ref. [48, 60] that the SRS
limited low-field mobility in ultra thin nanostructures follows a D6 behavior, where D is
the confinement length scale which is in this case the diameter of the channel. This is an
indication that the dominant SRS contribution originates from the subband edge shift due
to quantization. Additional Coulomb effects as described by Jin et al. in Ref. [64] can
have contributions to SRS, but they mostly cause quantitative rather than qualitative
changes in our results.

D. General scattering considerations:
Elastic and inelastic scattering processes are considered. We assume bulk
phonons and follow the bulk Si scattering processes. Following the bulk Si scattering
“selection rules”, we allow only intra-valley transition for elastic processes (elastic
phonons, SRS), whereas we allow only inter-valley transitions for inelastic processes
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(inelastic phonons), where the final scattering state is selected according to whether the
process is of f- or g-type. All six relevant phonon modes in Si are included [32, 67]. We
note that elastic inter-valley transitions although weak can indeed be possible, but for
consistency to the bulk model we ignore them. For p-type NWs we include ADP and
ODP processes allowing for all intra- and inter-band transitions. Quantum confinement
induces mixing of the heavy-hole, light-hole and split-off bands. Inter-valley transitions
are also allowed, following the bulk scattering process.

We note that these are approximations for the sake of consistency with the
treatment of bulk Si scattering mechanisms, rather than strict rules. In reality, these
“selection rules” rise automatically from the symmetry of the wavefunctions and
scattering potential. Since we only store the probability density and not the actual
wavefunctions, the phase information is lost and these “selection rules” are imposed “by
hand” in the simulation. This is also common practice when using simplified effective
mass models and under the bulk dispersionless phonon approximation, where the
waveform overlaps are separately computed using the probability densities of the states,
still with good accuracy in the results [32, 48, 50, 56]. However, this, as well as the rest
of the approximations we make such as bulk phonons, or the simplified SRS scattering
model, will affect our results only quantitatively. The qualitative behavior in terms of
geometry and orientation effects we describe originates mostly from electronic structure
and will not be strongly affected by these approximations.

III. Results and Discussion
A. Confinement of the Heavy-Hole band:
Figure 1a shows the heavy-hole (100) energy surface (for kz = 0) of bulk Si. The
45º degree lines indicate a discrete wave vector component for a quantization in [110]
direction. The subbands formed correspond to “cut”-planes through the bulk
bandstructure and will be the relevant energy subbands/surfaces that will form the
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dispersion of NW or UTB channels under (1 10) surface quantization. The stronger the
confinement, the farther away from the center the lines shift. Because of the warped
anisotropic shape, the relevant bands acquire larger curvatures, and therefore higher hole
velocities. Indeed, the actual quantization involves significant band mixing, however, this
analysis provides an indication as to where the main dispersion features originate from
[19].

This is illustrated in Fig. 1b and 1c, which show the energy surface contours of a
UTB film with (1 10) surface confinement and thicknesses of W=15nm and W=3nm,
respectively. In this case three observations can be made regarding strong contour
variations: i) For the W=15nm UTB film there is strong anisotropy between the [110]
direction (arrow, x-axis) and the [001] (y-axis); ii) When the thickness reduces (Fig. 1c),
the contour in the [110] direction changes, acquiring a larger curvature (the contours now
point towards the center); iii) The change in the energy contours is anisotropic, i.e. no
significant changes are observed to the contours along the [001] direction (y-axis). This
behavior is a consequence of the warped shape of the heavy-hole band. Detailed
explanations on the effect of confinement on the band shapes are provided in our
previous works [18, 19, 32, 68].

What described above, will affect NWs even stronger since they are subject to 2D
confinement. In Fig. 2a and 2b we show the electronic structure of a cylindrical [110]
NW with D=12nm and D=3nm, respectively. As the diameter is reduced to 3nm, the
bands acquire large curvatures, which indicate smaller effective mass and larger carrier
velocities. The relevant confinement surfaces in this case are (110) and (100). This large
increase in the curvature originates mostly from the (110) confinement as we will
explain. Figures 2c and 2d show the effect of confinement for the [111] NWs. The
electronic structure also acquires large curvature as the diameter is reduced. The relevant
confinement surfaces in this case are (110) and (112). Both confinement directions are
responsible almost equally for this curvature increase as we will explain. On the other
hand, this effect does not appear in all NW orientations. In Fig. 3 we show the same
features as in Fig. 2, but this time for the [100] NWs. In this case, the curvature of the
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bands does not change with confinement, and in addition, an oscillating behavior appears
in the dispersion, which can limit the carrier velocity due to the creation of several zero
slope regions.

B. Carrier velocities upon confinement and orientation:
In order to identify which confining surface is responsible for the large curvature
increase in each NW case, using a simple semiclassical ballistic model [18, 32, 69] we
calculate the hole injection velocity in rectangular NWs of different transport and surface
orientations, assuming a source-to-drain bias of VDS=0.5V and non-degenerate conditions.
The injection velocity provides a measure of the velocities of all the subbands of the
particular channel. We indentify how the velocity changes as the length of each confining
side independently varies (see Fig. 4). The hole velocities of the NWs in [100], [110] and
[111] transport orientations are shown. In each case, the length of one of the sides is kept
at L1=3nm, whereas the length of the other is varied from L2=3nm to L2=12nm. The
surface notation (in parenthesis) in each case indicates the surface inducing the strongest
confinement (perpendicular to the L1 side direction, whose length is kept at L1=3nm).
Strong anisotropic behavior is observed. [111] transport-oriented NWs (green lines) have
the highest hole velocities, followed by the [110] NWs (red lines), whereas the [100] ones
(blue line) have the lowest hole velocities. In the case of the [111] NWs, scaling of either
of the two different side surfaces (110) or (112) increases the hole velocities in a similar
way from 1.1 x 105 m/s to 1.4 x 105 m/s. For the [110] cases, (110) surface confinement
provides higher hole velocities compared to (100) surface confinement (due to subbands
with larger curvature as shown in Fig. 1). Indeed, in the (110)/[110] case, further scaling
of the [001] side length from L2=12nm to L2=3nm does not provide any advantage in the
hole velocities. On the other hand, scaling the [1 10] side length from L2=12nm to
L2=3nm in the (100)/[110] case, increases the hole velocities. Finally, for (100)/[100]
NWs, the velocities are low, and scaling causes only minor variations. This is due to the
oscillating behavior of the subbands in this orientation [19] which keeps the velocities
low.
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Unlike thin layers, cylindrical NWs are subject to have a continuously varying
confining orientated surface, which makes the analytical band construction more
complicated as the diameter is reduced. The basic guidelines to achieve large band
curvature that we described above, however, are still valid in this case as well: i) For
[100] p-type NWs neither (110) nor (100) confinement can provide bands with large
curvature, ii) For [110] NWs (110) confinement provides bands with large curvature,
whereas (100) confinement does not, and iii) For [111] NWs both (110) and (112)
confining surfaces can provide bands with large curvature.

In Fig. 5 we calculate the hole injection velocities for cylindrical [110] and [111]
NWs. The hole velocity increases by a factor ~2X as the diameter reduces in both cases
as indicated. The values at D=3nm are very similar to the [110] and [111] rectangular
NWs with L1=3nm, L2=3nm (most left in Fig. 4). Comparing the velocity values of the
largest cylindrical NWs with D=12nm in Fig. 5 (most right), to the ones confined in one
direction only (most right in Fig. 4), we can make two observations: i) For the [110]
NWs, (110) confinement increases the hole velocity from 0.61 x 105 m/s (Fig. 5, most
right) to 1.08 x 105 m/s (Fig. 4, most right), an 77% increase. The benefit from (100)
confinement is smaller, increasing the velocity to only ~0.75 x 105 m/s (23%); ii) For the
[111] NWs, both (110) or (112) confinement increase the hole velocity from ~0.82 x 105
m/s (Fig. 5, most right) to ~1.12 x 105 m/s (37%) each (Fig. 4, most right).

C. Carrier mobility and mean-free-path (MFP):
The two-fold increase in the carrier velocity with diameter scaling results in a
large increase in the carrier mobility. The dependence of the low-field mobility on the
carrier velocity can be shown in a simplified way to be as follows: The 3D carrier
concentration is given by

n 3D  M 
E

g1nD  E 
A

f ( E )dE ,

(25)

where M is the number of subbands and A is the normalization cross section area. We
assume that  n  E  follows a simple relation (at least for elastic isotropic processes):
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n E 

A
n
1D

Mg

E

(25)

which just means that the scattering rates are proportional to the density of states that a
carrier can scatter into. Now we substitute these relations in the mobility equation Eqn.
(4) (and after performing the summation over the subbands in Eqn. (2)):

Mg1nD  E   f ( E ) 
E vn  E  Mg1nD  E  A   E dE



g1nD  E 
q0 n
M
f ( E )dE
A
E
A

2

(26)

 f ( E ) 
v E 
dE

E 
A

2


 E
M 

n

 g  E  f ( E )dE
n
1D

E

Using the relations g1nD  E   meff / E

and vn  E   E / meff (valid for 1D and under

the parabolic band approximation), where E  E  E0 , with E0 being the energy of the
subband edge, and meff the effective mass of the subband, then:


 E/m
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E0

M 

 

eff
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E
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1
meff

3/2

 A

M

 f ( E ) 

 dE
E 

f ( E )dE

(27)


 F  F 


where F  F  is some function of F  EF  E0 , where EF is the Fermi level. In the nondegenerate limit, this function is independent of bandstructure. The mobility, therefore,
has an effective mass dependence meff 3/2 as also mentioned in Ref. [26] and
consequently, a third power dependence on the injection velocity:

 A
3 A 
  vinj .   .
M 
M 

  meff 3/2 

(28)

The mobility is therefore proportional to the third power of the injection velocity.
Improvements in the carrier velocity will result in much larger improvements in the
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mobility. This is clearly indicated in Fig. 6, which shows the phonon-limited mobility of
the D=3nm (solid) and D=12nm (dashed) NWs versus the carrier concentration. Both
[110] (red) and [111] (green) NW orientations are shown. The D=12nm mobility values
are ~100 cm2/Vs and ~250 cm2/Vs for the [110] and [111] NWs, respectively, whereas
the corresponding values for the D=3nm NWs jump to ~1300 cm2/Vs and ~2100 cm2/Vs,
respectively. We note here that the values for the larger NW diameters are lower than
bulk values because we used larger deformation potential amplitudes. Additionally, such
a larger relative increase in the mobility will only be observed if the deformation
potentials were constant under confinement, which is not the case in reality.

The large increase in the mobility with diameter scaling has also been described
by Buin et al. [26, 33] theoretically using a similar approach and two different sets of
deformation parameters (square points in Fig. 6), but also experimentally by Trivedi et al.
[17] for the [110] NWs. In that work, [110] NWs with smooth surfaces and different side
lengths were fabricated. The mobility of the NWs with cross section side lengths down to
3-5nm was measured to peak at μp=1235 cm2/Vs (diamond). It drops to μp~400 cm2/Vs
(triangle) as the (110) surface side thickness increases to 169nm while the height of the
(100) surface remains at 4.3nm (forming a nano-belt structure). Although high mobility
measurements in NWs is a controversial issue because surface charges make it difficult to
extract the correct carrier density, the results of Ref. [17] could be an experimental
confirmation of the effect we describe in this work. It also supports our claim that the
mobility improvement in [110] NWs originates from (110) confinement, rather than (100)
confinement. Other experimental works [35, 70, 71] have also reported higher mobilities
on (110) surfaces compared to other surfaces, which are improved, or at least not
degraded, as the channel thickness is reduced down to 3nm [70].

A large orientation dependence is also observed, with the mobility of the [111]
NWs being almost twice as that of the [110] NWs. This anisotropy, however, is reduced
as the carrier concentration increases. At concentrations above 5x1019/cm3 the differences
significantly decrease. The mobility differences between NWs of different diameters
decline as well. At concentrations above 1020/cm3, any diameter or orientation differences
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diminish. The large drop in mobility for the smaller diameter NWs, as well as the
reduction in anisotropy at higher concentrations originates from the fact that at higher
energies the electronic structures of the NWs become more similar to each other. The
bands of all NWs acquire similar bandstructure consisting of an increased number of
heavier subbands, and the light subband advantage of the thinner NWs is lost. We note
here that we only consider phonon-limited mobility in this calculation and assume that
the high concentrations will be achieved by electrostatic gating (although we do not
calculate the full self-consistent electrostatic solution on the 2D cross section of the NW
channel as in Refs. [18, 19]). In the case of doped channels, impurity scattering will
dominate the mobility, and large mobility degradation will be observed at much lower
concentrations, beginning from p0=1016/cm3.
The large increase in the carrier velocity for the smaller diameter NWs also
results in long scattering mean-free-paths (MFPs) in these channels. The MFP is defined
as n  E   2   E  / M , where M is the number of modes [72]. This is shown in Fig.
7 for the D=3nm NWs. Here, the energy reference is shifted to the Fermi level (EF=0eV),
which is calculated for a hole concentration of p=1019/cm3. Although we consider p-type
NWs, all quantities are presented in positive energies for presentation purposes. The
MFP(E) is almost a linear function of energy in the low energy region where only the
first subband contributes to transport. The slope of the MFP in the linear region depends
on the effective mass of the subbands. It results from the fact that:

n  E   2   E  / M
 Mvn 2  E  n  E 
 vn 2  E 


A

g1nD  E 

g1nD  E 
A

g1nD  E 

/M
(27)

A

2E
m*

Slight deviations from a straight line originate from the non-parabolicity of the bands. As
shown, the phonon-limited MFP peaks around ~100nm for both the [111] (green) and
[110] (red) NWs almost only within kBT into the valence band edge. At 2kBT into the
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valence band the MFP for these two NWs reaches ~200nm and ~150nm respectively.
These are long MFPs compared to bulk Si values, both for electrons or for holes, and
explain the large increase in the mobility as calculated in Fig. 6. On the other hand, such
long MFPs for phase coherent processes for the cases of the [110] and [111] NWs can
make these NWs more sensitive to phase coherent carrier localization originating from
surface roughness for example, or other elastic, coherent scattering processes. In
comparison, the MFP of the [100] NW for which there is no increase in the band
curvature with decreasing diameter is much lower, reaching only a few nanometers,
indicating low carrier mobility.

The almost 2X larger mobility for the [111] NWs compared to the [110] NWs can
be understood from the larger MFP values, but also from the fact that valence band is
closer to the Fermi level in the [111] case at the same carrier concentration, which makes
the MFP(E) curve start at smaller values of E  EF . Averaged over the Fermi
distribution, in the [111] case the carriers will utilize their large MFP more effectively.
The positioning of valence band compared to EF is determined by the mass of the
subbands and their degeneracy. The smaller these quantities are, the closer to the Fermi
level the band edge will reside. In the D=3nm p-type NW the first band is singledegenerate (excluding spin degeneracy) but the mass of the [111] NW is smaller (as
indicated from the larger carrier velocities in Fig. 5), which at the same carrier
concentration places the valence band of this NW closer to EF and further improves hole
mobility.

D. The effect of surface roughness scattering (SRS):
Although the hole mobility of the [110] and [111] NWs largely increases as the
diameter is reduced, in reality channels with thickness below 6nm suffer from enhanced
SRS [60] that degrades the mobility. Figure 8 demonstrates the effect of SRS on the
mobility of the p-type [111] NW. The solid lines are the phonon plus SRS-limited lowfield mobility results for the D=3nm NW for cases with different roughness parameters:
i) Δrms=0 (phonon-limited), ii) Δrms=0.14nm, ii) Δrms=0.48nm, iii) Δrms=0.8nm. In all cases
we keep LC = 1.3nm [48]. The dashed line is the phonon-limited result for the larger
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diameter D=12nm NW. As the roughness height progressively increases the mobility
decreases. For low carrier concentrations the mobility can decrease by ~3X for the
Δrms=0.8nm case. For higher carrier concentrations the deviation from the phonon limited
result is less because faster carriers are affected less from this elastic anisotropic
scattering mechanism. The magnitude of this degradation is in qualitative agreement with
other works on the mobility degradation due to SRS in nanodevices [48], although it is
subject to the parameters used in Eq. (23). Nevertheless, the large mobility improvement
as the diameter scales in these NWs, can partially compensate for SRS and still provide
mobility benefits compared to the D=12nm NW, even for fairly large roughness height
values. The same can also be observed for the [110] NW. As an example, we mention
that an effective way to design high efficiency nanostructured thermoelectric devices is to
scale the cross section feature sizes in order to reduce the lattice thermal conductivity. In
that scope, efficient thermoelectric devices based on silicon NWs have already been
demonstrated [11, 12]. High electronic conductivity though is still needed. The [110] and
[111] p-type channels, in which the mobility (and conductivity) increases with feature
size reduction, might be suitable for such applications.

E. Tolerance to SRS:
Proper choice of confinement and transport orientations in channels with highly
warped bands can, therefore, offer opportunities for performance improvement as the
feature sizes of the devices are scaled to nanometer sizes. This is observed for the [110]
transport direction under strong (110) surface confinement, and for the [111] transport
orientation under both, (110) or (112) surface confinement. Here we show that not only
such choice of confinement is beneficial for the carrier velocities and mobility, but also it
might make the NWs less susceptible to SRS as well. As described in section II.C, the
strongest contribution to SRS at such low diameters originates from the shift in the band
edges with quantization dEC,V/dD. The strength of this shift is determined by the
confinement effective mass. The heavier the confinement mass, the weaker the shift and
the more tolerant the channel to SRS is. Figure 9a shows the band edges versus the NW
diameter as it is scaled from D=12nm down to D=3nm for the [100], [110] and [111] ptype NWs. The band edge variation is the largest for the [100], lesser for the [110] and
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the smallest for the [111] NW. The [111] and the [110] NWs that have the largest
improvement in mobility are also more tolerant to SRS, which makes them even more
attractive as device channel materials.

This behavior is explained by examining the confining surfaces of the NWs in
each orientation. The NWs are cylindrically confined from the different surfaces
perpendicular to the transport direction. From Fig. 1a, however, it can be observed that
the [100] NW is mainly confined by (100) and (110) equivalent confinement surfaces
each of them spanning half of the k-space. The (100) confinement is light, whereas the
(110) one is heavy. On the other hand, the [110] NW as shown in Fig. 9b, is mostly
subject to (100), (110), and (111) equivalent confinement surfaces, with the (111)
confinement having a stronger influence because four equivalent [111] orientations exist
on the confinement plane; whereas there are only two [100] and two [110] orientations.
The (111) surface provides heavy confinement as well. Therefore, the [110] NW is
overall more heavily confined than the [100] NW. The [111] NW is mostly subject to
(111) and (112) surface confinement, as shown in Fig. 9c. These are both surfaces of
heavy confinement masses, which make this NW the one most heavily confined one.

F. Anisotropy in n-type channels:
Strongly warped energy contours that result in the large improvement of the
carrier velocities under confinement along their long axis and transport perpendicular to
that, appear not only in the valence band of Si (as well as other p-type semiconductors),
but also in the conduction band of Si [18, 27]. Figure 10a shows the six equivalent
ellipsoids in the conduction band of Si. By “cutting” an ellipsoid in the center as shown
in Fig. 10b, and plotting the (kx, ky) energy surface (for kz=0), a warped shape is also
observed (Fig. 10c), similar to the one shown in Fig. 1a for the heavy-hole band of the
valence band. The warping, however, is weaker in this case and as a result the
confinement induced performance enhancement is also smaller. For the n-type [110] NW,
as the diameter scales down to D=3nm, the effective mass of the lowest band reduces
from 0.19m0 (bulk) to 0.16m0 [Neo08], which results in a velocity improvement of ~30%
[21].
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Figure 11 shows the phonon-limited mobility of n-type NWs as a function of the
electron concentration. In this case, for comparison we show three different orientations
[100] (blue), [110] (red), and [111] (green), for diameters D=3nm (solid) and D=12nm
(dashed). The behavior is different from what was observed for p-type NWs in Fig. 6. In
this case, the mobility for the larger diameter D=12nm is higher than that for D=3nm for
all cases. The mobility reduces because the waveform overlaps increase and increase the
scattering rate. Alternatively, the number of subbands M do not decrease linearly with
diameter, at some point only one subband is reached and M stays contact at M=1, such
that the ratio A/M in Eq. 28 decreases with diameter and decreases the mobility. Once one
subband remains, then at the same carrier concentration, further reducing the diameter
will shift the band edges further from the Fermi level to keep the concentration constant
(simply stated, less states need to be filled to keep the concentration constant is a smaller
area). This reduces the conductivity exponentially and reduces the mobility.

The mobility of the D=12nm NWs in Fig. 11 shows anisotropic behavior, with the
[100] NW having the highest mobility, followed by the [111] and finally by the [110]
NW. Interestingly for the D=3nm NWs, however, although this order is retained for the
[100] and [111] NWs, the mobility of the [110] NWs is the highest of the three. The
reason is the carrier velocity increase in the subbands of this NW because it takes
advantage of its warped bands shown in Fig. 10. In this case, the warping is weaker than
what is observed for the p-type NWs to cause mobility increase. However, it minimizes
the degradation that the other n-type NWs experience with diameter scaling. The
reduction in the mobility of the n-type [110] NW as the diameter is reduced from
D=12nm down to D=3nm is small. As in the case of p-type NWs in Fig. 6, the
anisotropic behavior in terms of both diameter and orientation is retained for carrier
concentrations up to n=5x1019/cm3, whereas for higher concentrations it is minimized
since a lot more subbands come into play and the scattering increases for all cases.

Figure 12 shows the MFP of the first subband of the D=3nm n-type NWs for the
three orientations, similar to Fig. 7 for the p-type NWs. The MFP of the [110] NW is
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longer than the other two orientations, attributed to the lower effective mass it acquires
upon confinement. We mention here that the masses of the other two NWs increase with
cross section scaling as shown in Ref. [18]. Although for the [110] NW, the warped
anisotropic band shape increases the carrier mobility upon confinement, for the [100]
NWs it has the opposite effect, degrading curvature, carrier velocities, and mobility. For
the [100] NW the effective mass can reach up to 0.27m0 at D=3nm [18]. The lower mass
and degeneracy (two-fold) of the [110] NW puts its band edge closer to EF at the same
carrier concentration, which results in an overall longer MFP and mobility compared to
the other two NWs. A comparison of the MFPs at kBT above the conduction band for
each case shows that for the [110] NW it reaches around 40nm, for the [100] around
20nm, and for the [111] NW around 10nm. These are much smaller MFP values than
what is shown for holes in the [110] and [111] NWs in Fig. 7, but larger than the [100] ptype NW.

G. Summary of the approximations made:
We would like to note that similar transport studies, combining atomistic tightbinding and Boltzmann transport are also found in the literature for either NWs of smaller
diameters, fewer scattering processes [23, 33, 34], or different channel structures and
materials [73, 74]. In this work, we include all basic scattering mechanisms, and much
larger diameters up to D=12nm (~5500 atoms in the unit cell). To be able to couple TB
electronic structures and Boltzmann transport calculations for such large structures,
several approximations are made: i) The assumption of deformation potential theory and
dispersionless bulk phonons instead of confined phonons, ii) the use of the probability
density instead of the actual wavefunctions, iii) the use of a simplified SRS treatment, iv)
flat (zero) electrostatic potential in the 2D cross section of the NW channel, and v)
unrelaxed, unstrained structures instead of reconstructed ones were considered. These are
approximations that mostly affect our results quantitatively. The quantitative behavior in
terms of geometry and orientation we describe originates mostly from warped electronic
structures, and is only weakly affected by these approximations. Approximation (v), the
use of unrelaxed surfaces, could have some effect on the effective masses of the D=3nm
NWs as shown in Ref. [75], especially for the p-type [100] NW. The effect, however,
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does not seem to be strong enough to alter the anisotropy trends we describe. Such
effects, however, depend on the passivation agents, or the type of oxides the NW could
be surrounded by, and more elaborate studies will be needed to fully comprehend the
effects of structure relaxation on the electronic structure.

Although more sophisticated

scattering and structure geometry models could be potentially employed, this is beyond
the scope of this work.

IV. Conclusion
We couple the sp3d5s*-spin-orbit–coupled TB model to linearized Boltzmann
transport formalism to calculate the low field mobility in ultra narrow Si NWs. We show
that the electronic properties of NWs have strong orientation and diameter dependence.
Proper choice of confinement and transport orientations in ultra narrow NWs of sub-ten
nanometers in diameter can lead to large improvement in carrier velocity and mobility
compared to the bulk values as the diameter is scaled below 8nm. This can be achieved
when confining channels with strongly warped anisotropic bands, i.e. the heavy-hole
valence band, or even the conduction band in Si. [110] and [111] p-type channels, as well
as [110] n-type Si channels can benefit from this effect. In the case of p-type NWs, the
phonon-limited mobility largely increases as the diameter scales from D=12nm down to
D=3nm. This leads to large scattering MFPs in the order of ~100nm or more. The effect
is strong enough to compensate for the detrimental effect of SRS as the channel thickness
is drastically scaled. Our results agree with other computational studies [11, 33], and
could potentially provide explanations for the large mobility enhancement in NWs that
has been observed experimentally [16, 17] as well as insight into the strong mobility
orientation effects in ultra scaled MOSFET device measurements [35, 70, 71].
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Figure 1:
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Figure 1 caption:
The energy surfaces of: (a) Heavy-hole band of bulk Si. Contour lines are 0.2eV and 1eV
below the valence band edge. (b) Width W=15nm UTB layer with (1 10) surface
orientation in [110] transport. (c) Width W=3nm UTB layer with (1 10) surface
orientation in [110] transport. The contour lines (from the center outwards) represent
energy contours at 0.02eV, 0.05eV, 0.1eV and 0.2eV below the top of the valence band
edge.
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Figure 2:
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Figure 2 caption:
Dispersions of p-type NWs for various orientations and diameters (D). The left column is
for D=12nm, and the right column for D=3nm. (a) [110], D=12nm. (b) [110], D=3nm. (c)
[111], D=12nm. (d) [111], D=3nm. a0’ and a0’’ are the unit cell lengths for the wires in
the [110] and [111] orientations, respectively.
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Figure 3:

(b)

(a)

Figure 3 caption:
Dispersions of p-type [100] NWs. (a) Diameter D=12nm. (b) D=3nm. a0 is the unit cell
length.
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Figure 4:

Figure 4 caption:
Low bias (non-degenerate limit) hole velocities for rectangular NWs in the [100], [110]
and [111] transport orientations as one of the side length scales from L2=12nm down to
L2=3nm. The other side length is kept constant at L1=3nm. The surface indicated (·),
represents the L1=3nm side on which the strongest confinement is applied. For example,
the (110)/[110] NW case has constant width scaled to W=L1=3nm while the height
changes from H=L2=12nm down to H=L2=3nm. The (100)/[110] NW case has constant
height H=L1=3nm, while the width changes from W=L2=12nm down to W=L2=3nm.
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Figure 5:

Figure 5 caption:
The carrier velocities of cylindrical p-type NWs in [110] and [111] transport orientations
vs. diameter under non-degenerate conditions. The data are same as in [44].
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Figure 6:

Figure 6 caption:
The low-field phonon-limited mobility for p-type NWs in [110] (red) and [111] (green)
transport orientations versus carrier concentration. Diameters D=3nm (solid) and
D=12nm (dashed) are shown. Square points: simulation results for the D=3nm [110] NW
from reference [33] with two different deformation parameter sets. Diamond:
Experimental mobility measurement for a rectangular [110] NW with side lengths 4.3nm
x 3.4nm in the [100] and [110] confinement directions respectively. Triangle:
Experimental mobility measurement for a [110] nano-belt with side lengths 4.3nm x
169nm in the [100] and [110] confinement directions respectively. The experimental
results are from Ref. [17].
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Figure 7:

p

Figure 7 caption:
The phonon-limited mean-free-path (MFP) for the holes in D=3nm NWs of different
transport orientations. Carrier concentration p=1019/cm3 is assumed.
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Figure 8:

Figure 8 caption:
The low-field phonon plus SRS-limited mobility for p-type [111] NWs versus carrier
concentration. Diameters D=3nm (solid) and D=12nm (dashed) are shown. For the
D=3nm, the following roughness height Δrms values are used: i) Δrms=0 (phonon-limited),
ii) Δrms=0.14nm, iii) Δrms=0.48nm, iv) Δrms=0.8nm. For the D=12nm NW, Δrms=0.
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Figure 9:
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(c)

(b)
Figure 9 caption:

(a)The valence band edge for p-type NWs in the [100] (diamond-blue), [110] (cross-red),
and [111] (square-green) orientations versus the NW diameter. (b) The (110) heavy-hole
energy surface of bulk Si valence band. This is the corresponding confinement surface for
the [110] NW. (c) The (111) heavy-hole energy surface of bulk Si valence band. This is
the corresponding confinement surface for the [111] NW.
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Figure 10:
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Figure 10 caption:
Energy surfaces of the conduction band of Si. (a) The six equivalent ellipsoids. (b) A
“cut” through the middle of one of the ellipsoids. (c) The 2D E(kx, ky) (100) energy
surface through the middle of the ellipsoid.
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Figure 11:

Figure 11 caption:
The low-field phonon-limited mobility for n-type NWs in [100] (blue), [110] (red) and
[111] (green) transport orientations versus carrier concentration. Diameters D=3nm
(solid) and D=12nm (dashed) are shown.
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Figure 12:

n

Figure 12 caption:
The phonon-limited mean-free-path (MFP) for the electrons in D=3nm NWs of different
transport orientations. Carrier concentration n=1019/cm3 is assumed.
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